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ABSTRACT
The purpose of this thesis is to show that the 
Pellian sequence possesses a great deal of symmetry and 
regularity. The English method shall be introduced to 
show that there is a least positive integer x that makes 
Ax^+i a square if and only if A is a non-square. This 
method will be shown to produce the entire infinite 
solution set for any positive integer A.
The method of continued fractions will be described 
and will be used to construct a simple algorithm to 
produce the Pellian sequence given in both the table and 
the diskette of Pellian numbers. It will also be shown 
that an intimate relationship holds between this method 
and the English method.
Finally, properties of the Pellian sequence will be 
proved to demonstrate regularity in the sequence. It 
will be shown that every non-negative integer occurs 
infinitely often in the sequence and, for some classes of 
integers, the complete set of occurrences in the sequence 
will be determined prior to solving the Pell equation. A 
strong connection will be shown to hold between a given 
number's continued fraction expansion and its set of 
occurrences. Lastly, it will be conjectured that a given 





The Pell equation has always been regarded as a very 
important problem in number theory and is invariably 
found in any standard textbook on the subject. The 
sequence of minimal solutions generated by the equation 
is also important and is also mentioned in the same 
standard text as the equation. However, this mentioning 
is never very much more than in passing. This thesis will 
concern itself with investigations into the properties of 
the "Pellian" sequence.
Before proceeding further, let us review the 
statement of the Pell equation. For any given integer, A, 
we desire to find a pair of integers, x,y, such that: 
y2-Ax2 = 1 .
We see immediately that y  = i l, x = 0, trivially 
solve the eguation, for any integer A. Looking at 
different values for A, we see that if A < -1, then 
y2-Ax2 > i
where equality holds only at the trivial solution. If 
A = -1, then we have four solutions:
Y = 11 ; x = 0
y = 0 ? x = +i .




y2_n2x2 = (y+nx)(y-nx) = 1 .
Thus, we must have:
y+nx = y-nx = + 1 .
This gives:
y = ((y+nx)+ (y-nx))/2 = +1 .
So, the equation has no solution other than the trivial 
ones noted. From the discussion above, it is clear that 
the equation only has interest when A is a positive 
non-square integer. In all cases, if x,y is a solution 
to the equation then +x ,±y also provide solutions.
So, from now on, we will only be concerned with solutions 
where x > 0, y > 0 .
We are now ready to define the Pellian sequence,
The sequence, (for A > 0), is defined by the rule that
2
is the least positive integer x such that Ax +1 1S 
itself a square. If no such x exists then XA is defined 
to be zero. As seen above,Xft = o whenever A is a square. 
The converse is also true; but not quite so easy to see.
A table of the first 250 terms of the Pellian 
sequence is given on page 6 for easy reference. A more 
comprehensive listing of the first 13808 Pellian numbers 
is included in a diskette located on the back cover of 
this thesis. These numbers may be accessed by using an 
IBM PC under the file name "Pell". Each entry in this 
file consists of a positive nonsquare integer A followed 
by its associated Xft.
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Even a brief consideration of the table leads one to 
make conjectures about the arithmetical characteristics 
of the Pellian sequence. For instance, we asserted above 
that 0 occurs in the sequence exactly where A is itself a 
square. For the integer 1, we see that:
= 1 for A = 3,8,15,24,35,........
It seems that = 1 if and only if A = n^-l ,for any 
integer n > 1. This is not difficult to see since if
= 1, then:
A*l2+i = n2 r for some n > 1.
Thus,
A = n2-l
Conversely, if A = n2-l, then clearly 1 is the least 
positive integer such that:
A*l2+1 = (n2-l)*1+1 = n2 
is a square.
We can continue to hypothesize about the occurrences 
of the integer 2, or for that matter, any integer. 
However, we are not guaranteed that,for any given integer 
n, that n occurs in the sequence of Pellian numbers at 
all! A cursory check of the table shows that the Pellian 
numbers occur in an apparently nonsensical fashion. For 
example, the least positive integer to make:
180*x 2+1
a square is 12, while for A = 182, = 2. But, the least
positive integer to make:
4
181*x 2+1
a square is 183567298683461940 ! Imagine trying to solve 
this equation by taking every integer between 1 and 
183567298683461939, squaring it, multiplying by 181, 
adding 1, only to discover (to great dismay!) that this 
did not yield a square! Even though calculations went so 
well for A = 180, I doubt that even the strong willed 
would bother going on after A = 181, though the solver 
would only have to try two integers to solve A = 182 !
It is the purpose of this thesis to show that the 
Pellian sequence actually possesses a great deal of 
symmetry and regularity. The second chapter is devoted to 
proving that = q if and only if A is perfect square by 
providing a method of computing XA for any given A. This 
method, called the "English" method, was invented by 
Wallis and Brouncker in response to a challenge by 
Fermat. The method will be described, and it will be 
shown that it does indeed produce the sequence XA . in 
fact, it will be shown that it produces all the infinite 
numbers of solutions of y2-Ax2 = 1 for any non-square A, 
not only the least positive solution.
In the third chapter, a method of producing the s 
from the continued fraction expansion of /A* will be 
described, and it will be shown to be intimately related 
to the English method. This method of continued fractions 
will yield a simple algorithmic means of creating the
5
Pellian sequence and will be used to generate both the 
table and the diskette containing Pellian numbers for A 
less than 13809.
The last chapter is the heart of the thesis which 
will contain interesting results and conjectures about 
the Pellian sequence itself.
6
Table 1: X = Least Integer x Such That Ax2+1 is Square
A X A X A X
1 0 51 7 101 20
2 2 52 90 102 10
3 1 53 9100 103 22419
4 0 54 66 104 5
5 4 55 12 105 4
6 2 56 2 106 3115890
7 3 57 20 107 93
8 1 58 2574 108 130
9 0 59 69 109 15140424455100
10 6 60 4 110 2
11 3 61 226153980 111 28
12 2 62 8 112 12
13 180 63 1 113 113296 !14 4 64 0 114 9615 1 65 16 115 105
16 0 66 8 116 910 ;
17 8 67 5967 117 60
fl-18 4 68 4 118 28254
19 39 69 936 119 11 120 2 70 30 120 1 r*
21 12 71 413 121 0 ir l i M
d
ill .
22 42 72 2 122 22
23 5 73 267000 123 11
24 1 74 430 124 414960
25 0 75 3 125 83204
26 10 76 6630 126 40
27 5 77 40 127 419775 ili
28 24 78 6 128 51
29 1820 79 9 129 1484 illHI30 2 80 1 130 570
31 273 81 0 131 927 fill
32 3 82 18 132 2 m
8  ■33 4 83 9 133 224460
34 6 84 6 134 12606 $35 1 85 30996 135 21
36 0 86 1122 136 3
37 12 87 3 137 519712
38 6 88 21 138 4
39 4 89 53000 139 6578829
40 3 90 2 140 6
41 320 91 165 141 8
42 2 92 120 142 12
43 531 93 1260 143 1
44 30 94 221064 144 0
45 24 95 4 145 24
46 3588 96 5 146 12
47 7 97 6377352 147 8
48 1 98 10 148 6
49 0 99 1 149 2113761020




A X A X
151 140634693 201 36332
152 3 202 1388322
153 176 203 4
154 1716 204 350
155 20 205 2772
156 2 206 4148
157 3726964292220 207 80
158 616 208 45
159 105 209 3220
160 57 210 2
161 928 211 19162705353
162 1540 212 4550
163 5019135 213 13320
164 160 214 47533775646
165 84 215 3
166 132015642 216 33
167 13 217 260952
168 1 218 8534
169 0 219 5
170 26 220 6
171 13 221 112
172 1848942 222 10
173 190060 223 15
174 110 224 1
175 153 225 0
176 15 226 30
177 4692 227 15
178 120 228 10
179 313191 229 386460
180 12 230 6
181 183567298683461940 231 5
182 2 232 1287
183 36 233 70255304
184 1794 234 340
185 680 235 3
186 550 236 36570
187 123 237 14820
188 336 238 756
189 4 239 400729
190 3774 240 2
191 650783 241 64964120504
192 7 242 1260
193 448036604040 243 4505
194 14 244 113076990
195 1 245 3312
196 0 246 5662
197 28 247 5427
198 14 248 4
199 1153080099 249 542076
200 7 250 2496966
Chapter II 
The English Method
In this chapter, we will be concerned with proving
that Qf tjie peiiian sequence is non-zero if and only 
if A is itself non-square. As noted in the introduction, 
it is easy to see that X^ = o if A is a square. We shall 
use the "English" method to prove the reverse assertion. 
In fact, the English method shall show that, for any non­
square A, there is an infinite number of solutions to the 
Pell equation, y2-Ax2 = 1, and hence, a least positive 
solution. Thus, will be non-zero.
This method will produce recursively a sequence
of integer pairs, Pj,qj, that will satisfy equations of 
the form p?-Aq? = which will include, in a periodic 
way, all the solutions to the Pell equation. First, the 
construction of the "Forward English Method" (FEM) will 
be outlined; and it will be shown that the construction 
is always possible. Using the "Reverse English Method" 
(REM), it will be concluded that all positive solutions 
to the Pell equation are produced by the FEM method.
A Numerical Example
Before defining these methods, we shall try to 
motivate these procedures by giving a numerical example.
8
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Suppose that we wanted to find all the solutions to the 
equation:
y2-13*x2 = 1 .
Aside from knowing the trivial solution:
12-13*02 = 1 ,
we would be at a loss for where to search next for a 
solution. The key to continuing this search lies with the 
identity:
(a2-Ab2)(c2-Ad2) = (ac+Abd)2-A(ad+bc)2 .
Thus, equations of the form :
P?-Aq? ( = kj )
are closed under multiplication. Since we have one 
equation of the correct form , (12-A*02), we shall
need another equation to multiply to it to yield a third 
equation of the correct form.
The crucial feature of the English method that 
produces equations of the desired form is the selection 
of an integer, r j , such that if:
P j “Aq j = kj
was the last equation of the form given, then r^ 
is the largest integer such that r^ < a and that
Pj +qjrj is divisible by kj. Then, our second equation to 
multiply becomes (r2-A*l^). In fact, we have: 
kj(r?-A) = (p?-Aq?)(r?-A*l2)
= (<3jA + Pjrj ) 2~a (Pj+qjrj) 2 •
Dividing by kj, we define recursively:
10
p j+l - (P j r j + A q j ) / |kj
q i + l = (p j +P j r j ) / | k j |
k j+l =
thus, giving our next equation:
Pj+ 1-Acl j+ 1 = k j + 1
Getting back to our example, suppose we are given our 
initial equation:
EQ 0: 12-13*02 = 1
where Pg=i,qg=o,kQ=l, then we may select rg as the 
largest integer such that r2 < 13, and Pg+qgrg is
divisible by kg (i.e. l+0*rg = 1 is divisible by 1). It is 
clear that rg = 3 is the correct choice for rg. We may now 
compute as follows:
P1 = <P0r0 + Ac30)/ lk0l
= (1*3+13*0)/|1 |
= 3
q i  = ( P o +c?or o ) / l k ol





This gives us our first equation, 32-13*l2 = -4, with the 
opportunity to select our next r^. a list of the 
remaining equations follows with the k^•s ana rj's given 
off to the side. Note that there is an easier way to
11
compute the next r^ from knowing rj-i and kj. It will be 
shown later that k^ divides so rj is the largest
integer such that r? < A and kj divides rj+rj-f. So, in
our example r2 must be such that 4  < 13 and -4 divides
r1 + 3. It is cl ear that r-̂ mus t be 1.
EQ 1: 32-13*l2 = -4 kl = -4 rl = 1
EQ 2: 42-13*l2 = 3 k2 = 3 r2 = 2
EQ 3: 72-13*22 = -3 k3 = -3 r3 = 1
EQ 4: 112-13*32 = 4 k4 = 4 r4 = 3
EQ 5: 182-13*52 = -1 k5 = -1 r5 = 3
EQ 6: 1192-13*332 = 4 k6 = 4 r6 = 1
EQ 7: 1372-13*382 = -3 k7 = -3 r 7 = 2
EQ 8: 2562-13*712 = 3 k8 = 3 r8 = 1
EQ 9: 3932-13*109 2 = -4 k9 =-4 r9 = 3
EQ 10: 6492-13*180 2 = 1 k10 = 1 r10 = 3
A solution ' PlO"180 ^10- 649, to Pe11' s equation for
A = 13 has been found, and so X13 = 180 . If the procedure
is continued, solutions to Pell's equation will be found 
at every tenth equation.
The Forward (FEM) and Reverse (REM) English Methods
Having proper motivation, we may now define our 
procedures. Suppose we begin with an equation:
EQ 0: Pg-Aqg = 1 Pg,qg integers 
and that, after a sequence of j applications (j>0) of any
12
combination of FEM and REM, we have arrived at:
EQ j: Pj~Aqj = kj
We may then obtain a j + ltk equation by using FEM or REM 
as follows:
FEM Construction of EQ j+1
Select the larqest integer r^ such that rj < A 
and Pj+qjrj is divisible by kj. Put 
Pj+1 = (pjrj+Aqj) / |kj| 
qj+l = <Pj+Pjrj) / lkj I
thus, giving
EQ j+1: Pj + 1-Ac3j + i = kj + i •
REM Construction of EQ j+1
Select the largest integer Rj such that Rj < A and 
that Pj-qjRj is divisible by kj. Put 
Pj+1 = (Aqj-PjRj) / |kj| 
qj+i = (Pj-qjRj) / lkjl
thus, giving
EQ j+1: Pj+1"Aqj+1 = kj+i .
The motivation for defining FEM and REM recursively






in this fashion is seen by applying the two identities:
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(a2-Ab2) (c2-Ad2) = (ac+Abd)2-A(ad+bc)2 , and 
(a2-Ab2)(c2-Ad2) = (ac-Abd)2-A(ad-bc)2 . 
Indeed, for FEM,
k . 3 (rj“A) =




( (qjA + Pjrj)/|kj|)2"A((Pj+q^rj)/|kj|) 
which justifies our definition of our j+1 
While, for REM,




and dividing by k^2 again provides the values given for 
REM.
Notice that, for any initial equation Pg-Aqg = 1/ 
the values for P^,q^ are both integers since
rl = Rl = [/a ] ? where [] denotes the greatest
integer function, and so we have,
Pi = qgA±p0 bTh] ; and,
^1 = P0±c30 *
Also, observe that the values kQ ,kx,... are alternately 
positive and negative since kjkj+i = rj A or Rj A so 
that kjkj+i < 0 in either case.
To demonstrate the REM procedure, let's begin with
the last equation from our example. Here, we start with
2Pg=649,qg=180,and kg=l. We select Rg such that Rg 
and Pg-qgRp is divisible by kg (i.e. 649-180*Rg is
< 13
14
divisible by 1). It is clear that RQ = 3. Again, we may 
calculate Plfq^,and from the REM procedure and 
continue generating equations as follows:
EQ 0 : 6492-13*1802 = 1 ko = 1 R0 = 3
EQ 1: 3932-13*1092 = -4 kl = -4 II
EQ 2: 2562-13*712 = 3 k2 = 3 R2 = 2
EQ 3: 1372-13*382 = -3 k3 = -3 R3 = 1
EQ 4: 1192-13*332 = 4 k4 = 4 R4 = 3 .
Notice that we keep winding our way backwards through 
the sequence of earlier FEM equations. This inverse 
relationship of FEM and REM will be explored later.
FEM and REM are Well-Defined
It will now be shown that the recursive procedures, 
FEM and REM, are well defined. Suppose now that we have 
two consecutive equations:
EQ j: Pj-Aq? = kj
EQ j + 1: Pj +1~^qj + X = kj+i
where Pj,qj,Pj+1,qj+1 are integers and equation j+1 was 
produced by FEM or REM from equation j. It will be shown 
that it is possible to find rj+  ̂ and Rj+i as described in 
the procedures. Thus, equation j+2 can be produced by
either FEM or REM with Pj + 2>c3j+2 a9ain as integers. 
Therefore, repeated applications of FEM and REM may 
continue indefinitely.
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Letting = r_. or R  ̂ as appropriate, notice that
Pjqj+l'Pj+iqj = Pj(Pj+qjSj)/|kj|-((qjA±PjSj)/|kj|)qj 
= (Pj-Aq?)/ |kj|
= 11
so that Pj+1 and qj + 1 are relatively prime. It follows 
that qj+1 and kj + q are also relatively prime for if a 
prime p divides both qj+  ̂ and kj+q then equation j+1 
shows that p must also divide Pj+1, contradicting the 
fact that Pj+1 and qj+q are relatively prime.
Since q^ + 1 and kj + q are relatively prime, the 
congruences:
Pj + l + q-j+ir = 0 (mod k^ + 1) and
pj+l-qj+lR = 0 (mod kj+1>
are solvable for r and R respectively. To justify the 
definitions of rj+q and Rj+q, particular solutions to the 
last two congruences with < A and R^ < A will be 
exhibited. If equation j+1 was obtained by FEM from 
equation j, then r = -r^ and R = rj do the trick.
Indeed,
- (qjA+pjrj)/|kj|-rj<Pj +qj r j)/|kj| 
= <jj (A-rj) / L-j |
Since -r. 2
^j^j^j +1/Î  jI 
= iqjkj+i 
~ 0 (mod k^+1)
< A may be assumed as an induction
16
hypothesis, rj+1 and Rj + 1 of the desired types have been 
shown to exist. If, on the other hand, equation j+1 was 
obtained from equation j by REM, then computations 
similiar to the above will show that r = -R^ ancj r = Rj 
will work.
Now, suppose sj+i (= rj+i or Rj+i> has been found and 
that FEM (or REM)are applied to produce:
pj + 2 = (qj + lA±Pj + 1Sj + 1)/|kj + 1 |
^j + 2 = <Pj + l±c3j + lsj + l) / lkj + l I 
Now, sj+2 has been selected so that qj+2 is an integer. 
Also, Pj+2 is an integer since kj + 1 divides 
qj+1A±pj+1Sj+1 as well. To see this, note that it 
suffices to show that k^+1 divides qj+1(qj+1A±Pj+1sj+1) 





and kj+1 divides both -kj + 1 and pj+1±qj+^sj+i. Hence, 
equation j+2 is again an equation in integers. Thus, FEM
and REM do not terminate.
Some Facts about FEM and REM
Now, a few preliminary facts about FEM and REM will 
be needed to show that all non-negative solutions to the
17
Pell equation are obtained by starting with the initial 
equation:
EQ 0: 12-A*02 = 1
and applying FEM indefinitely. The first fact is that
each Sj ( = Gr Rj) is positive. This follows 
immediately from the inequalities:
kj+2sj+kj+i > 0
kj-2sj+kj+i < 0
when the second is subtracted from the first. To see that 
these inequalities are correct, first note that they hold 
for j =0. In this case, sQ = [/a ], kQ = l,and kx = [/a ]2~A 
so the inequalities become:
1 + 2 [/A] + [/X] 2-A > 0 
1-2 [/A] + [/a! 2-A < 0
which are obviously correct.
Moving on to j>l, the two cases, kj>0 and kj<0, are 
considered separately. Suppose k^>o, then (Sj+kj)2 > A is 
true by the definition of s^ and so:
s?+2sjkj+k2-A > 0; which implies 
kj+lkj+2sjkj+k2 > 0; and thus
kj+l+2sj+kj > 0
since k^ > q .
On the other hand, if k^<o, then k ^ X )  and hence
^j_^+2sj_p+kj > 0,
It follows that
kj_1kj+2sj_1kj+k2 < 0; and so
18
Sj-l“A+2sj-lkj+kj < 0; thuS
(“sj_l“kj) < A -
It follows that
s . * “sj-l"kj; which yields
-s .-1  ̂ sj+kj < sj; and thus
(Sj+kj) < A- 
This implies
Sj+2Sjkj+kj2-A < 0; and so 
kjkj+i+2sjkj+kj < °*
Finally, by cancelling k^f it holds that
kj+l+2sj+kj > 0  as required.
The computations required to show k^-2sj+kj+i < 0 are 
similiar and are omitted here. Thus, it has been shown 
that r _ j , R j  > o ,  for all j.
The calculations of the last paragraph imply a second 
fact about FEM and REM. Suppose there is a list of 
equations beginning with some initial equation and 
subsequent equations produced by applications of FEM:
EQ 0: Po'Acio = 1
EQ 1: p2-Aq2 = kl
I
EQ j : P2-Aq2 = k . D
further, that in the
then l£pg^Pi<P2<•••<Pj•
t




Pm + 1 = <c3mA + Pmrm)/ lkml
^ m A-rm-lPm+Pm (rm+rm-l) ) / I km I 
^ m A-rm-lPm^ / I km I + PmNm
where Nm is an integer 21/ since it will be shown that 
divides rm+rm_1. Now,
^mA-rm-lPm/IkmI




pm+l = PmNm+Pm-l 
- Pm+
> Pm ; for m 2 1 .
Therefore,
1 - PO * Pi <P2 <••-<Pj •
Note that,for the FEM case, we showed further:
pm+1 = PmNm+Pm-l ' for some Nm > 0.
Similarly, it holds that:
^m+l = (3mNm+c3m-l *
These relations will become important in the next 
chapter.
On the other hand, suppose the list of equations had 
been produced by repeated applications of REM. and that, 
in the last ( or jth) equation, p. ^ i and qj 2 0.
Then, pQ > Pl >...>pj_1 2 Pj 2 1. To see this, compute:
20
Pm+1 “ Ĉ3tn̂ -Pm^m^ / I I
^ m ^ +PmRm-l-Pm (Rm+Rm-1)^/ I I
(̂ î A + Rm-iPin) / | km | - pmTm
where Tm is an integer 1 1, since it will be shown that 
k-m divides Rm + Rm-1- Now' for similar reason as given 
above for the FEM case:
^ m A+Rm-lPm) / I ̂ m I “ Pm-1 •
Thus, 11I
pm + l = Pm-l-PmTm ' 30 that 3J  1
pm-l “ Pm+l+PmTm .1■•3 rq
' Pm+ 1 - t'm
• 1 *1 
J
> p 3 J !» ■- aTherefore, p^ > p^ >...> Pj_i 2 Pj  ̂ 1 • <*i
It shall now be shown that k^+1 divides rj+rj+1. -
Consider w
P j + 1-rjqj + j. = ( (Aqj+pjrj)-rj (pj+qjrj) ) / | kj | *i» 1J !
- <3j (A-r j ) / 1 kj | HI•”t»
= ^  |kj+i| •
iThus, kj +1 divides p-j + 1-rjqj + i. Since rj + 1 is chosen by 
definition such that kj+1 divides pj+i+rj+1qj+1, it is 
clear that kj + 1 divides
" (pj + l“rj<Ij + l) + (Pj + l + rj+lPj+l)
= (rj+l+rj)qj+l .
Since Pj + 1 and k j + i are relatively prime, it follows that 
kj+1 divides rj+i+rj- A similar computation shows that 
kj+1 divides Rj+i+Rj*
21
FEM Generates Infinitely Many Solutions
The generation of infinitely many solutions, p,q , 
such that p2-Aq2 = l will now be described. Begin with 
the initial equation:
EQ 0: 12-A*02 = 1 (pQ=1, qo=0)
and apply FEM to generate the infinite sequence of 
equations:
EQ 1: P?--Aq l = kl
EQ 2: ?2''Aq2 II *
- tvj
EQ j : Pj'-Aq?
•nII
I
It will be shown that the k-values are cyclic with the
value kQ = i being the first repeating value.
First, note that using FEM, starting with the zeroth 
equation above, will eventually produce a repeating pair 
of k-values, say <kj+1,kj+2) and (km+1,km+2) with j<m. 
This follows since 0 > kjkj_^ = rj-A > -A so that 
Ikj| |kj+1| < A, for all jil. Since kj,kj+1 are
integers, this forces |k̂ | < a and thus there are only a 
finite number of possible k-values. This finite number, 
say t, allows for only t2 possible distinct pairs; so 
that applying FEM to EQ 0 t2+2 times, a repeating pair of 
k-values is guaranteed.
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Now, from ^j+i=km+  ̂ and kj+2=km+2, it follows that 
kj=km . Indeed, it suffices to show that rj = rm since it 
would follow that:
kj - (r§-A) /k-j,! = (r2-A)/kmtl = k[n.
To see that rj=rm , it suffices to show:
rm = rj <mod kj + l>
since if it were true that rj<rm/ then
rm r rj (mod kj+1) 
would imply that
rm = rj+n|kj+il ; for some nil.
It was proved before that:
kj+2rj+kj+1 > 0 , if kj+l>0
kj~2rj+kj+l < 0 / if L_|. + /
\ O
And so, in either case,
kjkj+1+2rj|kj+1|+kj+1 > 0 , or equivalently, 
rj+2rjlkj+iI+kj+l > A ' which implies 





which contradicts the definition of rm. Similarly, rj>rm 
leads to a contradiction, so rj=rm must hold, provided 
that r . ^ rm (mod kj+^).
To see r^ = rm (mod kj+1) is true, note that
since
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kj+l = km+l and kj+2 = km+2
we have
(rj+l-A)/kj+2 = kj+l = km+l = (rm+l-A)/km+2 » 
which implies |r̂  +11 = |rm+1|; but since rj + lfrm+1 are
positive, rj+1 = rm+1. Since kj + 1 divides rj+rj+l/ it 
follows that r. = -rj+1 = -rm+1 = %  (mod kj+1).
Thus, k_. = (rj~A)/kj+1 = (rm-A)/km+i = km , as required.
It can now be concluded that kj_1=km_1, kj_2=km_2 ,... 
and so on, until finally kQ=i=kn , for some n > 0 .
To see that k^-i if j is a multiple of n, we need only 
note that the above argument can be applied to show that 
if
kg = and rg = r^ , for some g < h,
then
kg+1 = kh+l and rg+l = rh+l *
Therefore, since
kQ = kn = 1 and r0 = rn = [JT]
we have
kn = k2n = ,** = kjn " 1 *
Thus, FEM, beginning with the initial equation EQ 0 
yields, infinitely many solutions to the Pell equation.
FEM and REM Are Inverses
Before it can be shown that FEM, applied to initial 
equation EQ 0, yields all positive solutions to the Pell
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equation, it must first be shown that FEM and REM are 
inverse processes. So, suppose there is an initial 
equation:
EQ 0: P^-Aqg = 1
and, after a sequence fo FEM applications, there are two 
consecutive equations:
EQ j: P?-Aq? =
EQ j+1: Pj +1—Aqj + ̂ * kjtl
where j>0. It is asserted that an application of REM to 
EQ j+1 yields EQ j. As usual, r. denotes the largest 
integer with r? < & such that kj divides Pj+C3jrj' while 
denotes the largest integer with Rj+i < A and such 
that kj + 1 divides p j + i~q j + ]_R j +1 • Now,
pj + l-qj +1rj = ((Aqj+pjrj)-(pj+qjrj)rj)/|kj|
= (A-r§>/ Ikj|
^j Ikj + 1 1
so, kj + 1 divides Pj + l-qj +lr j • Ifc follows that:
Rj + 1 = rj (mod kj + i) .
It is also true that (r^+ |kj+1|)2 > A since 
rj*2rj|fcjtii**j+i-A
was seen before to be positive. Thus Rj + -̂ = rj follows 
from the definition of Rj+^.
REM can now be applied to EQ j+1, using r^ in place 
of Rj+i- The results are as follows:
pj + 2 = (<lj + lA-Pj + lr j ̂  I kj + l I
















q j + 2 = (Pj+l_(3j + lrj)/|kj+ll
= ((^jA+pjrj)-(pj+qjrj)rj)/|kj| |kj+1|
= qj(A-r?)/ |kj| |kj + 1 1
= qj
and finally,
k j + 2 = rj-A/kj + 1
kj *
Thus, REM applied to EQ j+1 has reproduced EQ j. In the 
same way, if the list of j+1 equations had been produced 
by a sequence of REM applications then FEM, applied to 
EQ j+1, would reproduce EQ j.
FEM Yields All Solutions to Pell's Equation
As a final result, it will now be shown that FEM, 
applied indefinitely to the equation:
12-A*02 = 1
yields all positive solutions to the Pell equation. So, 
suppose that PQ,qg are any positive integers such that:
Po‘flqo * 1 •
It will be shown that, starting with the equation: 
12-A*02 = 1
and applying FEM, the equation p^-Aq^ = 




EQ 0: P^~Aq2 = 1
apply REM to produce a sequence of equations. As observed 
before, as long as the values Pq , , . . . , pj are all il 
and the values Pq , q-j_, . . . ,q j are all £0, the p-values 
will decrease with each application of REM. It follows 
that after a suitable number of applications of REM, the 
equation:
EQ j: Pj-Aq? =
will be reached with P^i,q-^1; but one more 
application of REM produces:
EQ j + 1: Pj + i~Aqj + i = kj+1
where not both Pj+^f^j+i are positive. Now, it is clear 
that Pj+i,qj+i cannot have opposite signs since Pj,qj^l 
and Pj+^qj-pjqj+1 = ±1. Now, pj+^=0 is not possible 
since, if Pj + ̂ = 0, then -Aqj+i = kj + i so that |kj+^| 1 A 
which contradicts our earlier result that lkj+1| < A. It 
can thus be concluded that q_j + 1 jC 0. However, qj + i < 0 
is not possible. For if q^+1 < q , then
Pj + 1 = (*3 j A_pj Rj ) / | kj |
j A- ( | k j | q j +i+q jRj ) Rj ) / | k j | 
where we have found the substitution for p^ from:
qj + l = (Pj-cJjRj) / lkj I •
Thus, we have:
Pj + 1 = (qj (A-Rj ) _<3j + i | kj | Rj ) / | kj |
PjI^j + 1 I 3j + lRj > 0,
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and thus, Pj+i#qj+i would have opposite signs which 
contradicts our earlier result. Therefore, q^ + 1 = 0.
Now, since Pj+^qj-qj+iPj = ±1 and qj+i=0, we must 
have that Pj+1 = 1 or -1. If pj+1 = -1 then EQ j+1 would 
be:
EQ j+1: (-1)2-A*02 = 1 ,
and applying FEM to this equation should yield Pj+2=Pj>0* 
However, rj+  ̂ = [/A] obviously, and so: 
pj+2 = qj+iA+Pj+irj+i/|kj+i|
= 0*A + (-1)[/A]/I 
= -[/A]
< 0
which is a contradiction. Thus, Pj+1=i.
Thus, it has been shown that, starting with the 
equation:
Po’S  = 1 ’
REM will eventually produce the equation:
12-A0*2 = 1 .
It follows that, starting with 12-A0*2 = 1, FEM will 
eventually produce p2-Aqg = 1. Thus, FEM produces all 
solutions to the Pell equation.
Chapter III
The Continued Fraction Method
The terms of the Pellian sequence can be obtained by 
simple algebraic manipulations, as was given by the 
English method. The obvious setback to this approach was 
the exhaustive and lengthy calculations needed. In this 
chapter, the solution of the Pell equation by the 
continued fraction expansion of V a will be given. This 
method will seem less arduous and more elegant than the 
English method, and will offer us a simple algorithm for 
the generation of the Pellian sequence. In the next 
chapter, we shall see an intimate relationship between a 
given number's continued fraction expansion and the 
places where it occurs in the Pellian sequence.
After showing that the method of continued fractions 
generates all positive solutions to the Pell equation, a 
powerful connection between this new method and the 
English method will be explored. Specifically, it will be 
shown that each method yields the exact same p,q-values 
at each step in arriving at solutions to the Pell 
equation.
A word of warning to the reader is required here. The 
power and elegance of the method of continued fractions 
is derived by a good deal of theoretical results forming 
















fundamental theory of continued fractions. However, we 
will borrow freely from this theory, and assume that the 
reader has a working familiarity with the basic results.
Definitions and Terminology
Before proceeding any further, we will make clear 
the terminology and working definitions needed for the 
remainder of this chapter. Suppose A is any nonsquare 
positive integer, then the continued fraction expansion 
of fZ will be written as follows:
fZ' = [  aQ;ai,a2,••.,an-i'2a0 ] 
where a^ are an  integers  ̂ 0 (aj>0, if j>0 ) and the 
bar over the integers , a2 , . . . , an_-j_, 2ag indicates their 
infinite repetition of period length n. These integers 
are uniquely determined by the continued fraction 
algorithm as follows: Put
x0 = J T  ; and let
a0 = [x q ] ; where [] denotes the greatest integer
function.
Then,
= 1 / (x0-a0) ; al - txl]
In general,
xk = 1 / (xk-l_ak-l> • ak = fxkl • 
For example, consider Xq = n r .
x0 = {19
Then,
a Q = [ 7l 9]  -  4 
= 1 / (719-4)
= (7l 9 + 4) / 3
a l  = tx l l  = 2
x 2 = 1 / (719+4/3 -  2)
= (7L9 + 2) / 5
a2 = i
x3 = l /  (719+2/5 - 1)
= (719 + 3) / 2
a3 = 3
x 4 = 1 / (719+3/2 -  3)
= (7l 9+3) / 5
a 4 = 1
x5 = 1 / (719+3/5 - 1)
= ( 7l 9+2) / 3
a5 = 2
x6 = 1 / (719+2/3 - 2)
= (7l9+4) / 1
a6 = 8
Now,
x ? = l  / (719+4/1 -  8)
= (719+4) /3
= X1
So, the aj become cyclic with a7 = a]_. Thus, we write
7l9 = [ 4 ; 2,1,3,1,2,8" ] .
Note, in general, that ak+1 > 1, for k > 0, since
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0 < xk-ak < 1 thus xk+1 = l/(xk-ak ) > 1.
Now, this infinite continued fraction gives the 
precise value of >119. However, this value can be 




where is called the kth convergent which is formed 
from the first k+1 a ̂ ' s of the infinite continued 
fraction expansion. The values of p j,Qj can be 
recursively determined as follows:
po = a0 Qo = i
P1 = ala0+1 Qi = ai
Pj = ajPj“l+Pj_2 Qj = ajQj
Note, in general, that Qn£Qi<Q2<•••<Qk<••• since 




It is also noted that pkQk_i-QkPk_i = (-l)k+1/ f°r k>0. 

















= 4/1 = 4.0
= Pi/Qi = (2*4 + 1) /2 
= 9/2 = 4.5
that:
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C2 = P2/Q2 = (1*9+4)/(1*2+1)
- 13/3 = 4.3333. . .
C3 = P3/Q3 = (3*13 + 9)/(3*3 + 2)
= 48/11 = 4.3636...
c4 - P4/Q4 = (1*48 + 13)/(1*11 + 3)
= 61/14 = 4.3571. . .
C5 = p5/Q5 = (2*61 + 48)/(2*14 + 11)
= 170/39 = 4.3589 . . .
It is clear that each successive gives a closer 
approximation to /19 = 4. 3588... than any previous 
convergent.
Solutions to Pell's Eguation Give Convergents
Now, with the terminology in place, it is possible to 
outline the solution to the Pell equation through the 
method of continued fractions. The first result to be 
obtained will be that every solution to the Pell equation 
gives a convergent of the continued fraction expansion of 
\f?T. That is, if p ,q is a solution to y2-Ax2 = 1, then p/q 
is a convergent of J~A. To see this, note: 
p2-Aq2 = (p + q>/A) (p-q>/A) = 1 
implies that
p > q/A ; and
p/q-/K = 1/ (q (p + q</"A) ) .
Thus,
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0 < p/q-VX < J~A/ (q (q/K+qjA) )
= JA/(2q2jA)
= l/2q2 .
It is an established fact that if |a/b-7X| < l/2b2
, then a/b is a convergent of J~A. Since p,q is a 
non-trivial solution to the Pell equation, we note, as 
observed from the last chapter, that q>i and that p,q 
are relatively prime. Thus, any solution to the Pell 
equation gives a convergent to the continued fraction 
expansion of /a".
The converse is not true; not all convergents of j t  
are given by solutions of y2-Ax2 = 1. For example, 
we see that:
p 0/Q0 = 4/1
is a convergent of \l 19, but 
42-19*l2 = -3 .
Similarly, the convergents ci,C2,C3 ,C4 offer no solution 
for A = 19. Ccj, however, solves the equation with: 
1702-19*392 = 1 .
All Solutions to Pell's Equation Are Cyclically Produced
We may now characterize all positive solutions to the 
Pell equation in terms of the convergents of 
Specifically, if Pk/Qk are the convergents of >/~A and n is 
the period of the expansion of then:
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Pj-l-AQ?.! = (-1)1
if and only if j = kn, for k>0. Thus, since the 's are 
an increasing sequence, for k>0, these solutions, x,y, 
are distinct and are given by:
y = Pkn-1 ' x = Qkn-1 > if n is even, or;
Y = P2kn-1 '* x = Q2kn-1 , if n is odd.
Thus, the entire solution set is cyclically produced as
the convergents of /A.
One half of this assertion is easily proved. Suppose 
that j=kn, for some k>0, then it will be shown that:
pj-i-A«j-i = <-1»j •
As previously stated,
= t aQ ; a^ , a2 r • • ■ t an-l' ̂ a0 1
[ a0'"ai'a2' * • * 'akn-l,xkn ^
where
x j f̂} — [ 2 a g ; a ^ , . . . ,  a n _^ ,  2ag ]
= a0 + t a0'a1'’*‘,an—l,^a0 ^
= a0 + / a
Thus, by established fact of continued fractions, -fh can 
be written as:
^  = x̂knpkn-l+pkn-2)/(xknQkn-l+Qkn-2)
( <aQ + /A) Pkn-l + pkn-2^/ ( (a.Q + fh) Qkn-l + Qkn-2) 
This implies that:
^"^aoQkn-l+Qkn-2-pkn-l) = aOpkn-l+pkn-2-AQkn-l• 
Since / T i s  irrational, it may be concluded that:
Pkn-1 = aoQkn-l+Qkn-2 ' and that
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Therefore, positive solutions do occur at:
Pkn-1' Qkn-1 / if n is even, or:
P2kn-l'Q2kn-l' if n is odd- 
The second half of the assertion is a little more
involved than the first. In fact, its proof will imply a
strong connection between the method of continued
fractions and the English method. Specifically, it will
be shown that if n is the period length of the continued
fraction of sTa and if = ± 1, for some m,
kn+l < m < (k+1)n, and for some k20, then xm+1=xz=x1,
where z = m+1 (mod n) and z<n. Thus, the period of the
continued fraction expansion of J~A would be z-1 ( <n ) ,
a contradiction with the fact that the period is n.
Therefore, it would follow that no positive solutions to
the Pell equation occurs outside of those already
specified.
Before beginning, we shall need to introduce two 
recursive relations and assertain certain properties 
about them. So, let eQ = o and fg = 1 and recursively
define:
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e . - 
3 aj-lfj-l ej-l
fi ■ (A-ej)/f j , for j > 0 •




= (19 — 4 2 ) /1 = 3
e2 = alfl'el
= 2*3-4 = 2
f2 - (A-e^ /f l
= (19-22)/3 = 5 f and so on.
First, note that ej,fj are integers and fj is never zero,
for j >o. To see this, observe that e0 = 0,f()-l are 
integers and that fp is not zero. Now, suppose that e ^ f ^  
are integers and is not zero, for k<j. Then, clearly 






= “aj_1fj_1+2aj_1ej_1+ (A-e2_!)/fj-l 
= ~aj_ifj-i+2aj_iej_i+fj-2 '
which is clearly an integer, fj is not zero since A is
2not a square and fj = (A-ej)/fj-i- 
Next, we note that:
Xj = (ej + /a ) /f j ; for j H  •
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Indeed, since it holds that
xQ = /A = (e0+jT)/f0 ;
and continuing inductively, if it is assumed that 
xk = (e^+/A)/fk ,for k<j,
then
xj = l/lxj-i-aj-!)
= 1/ ( (ej_i + >TA/f j_]_) -aj_!)
= fj_i/(ej_1-aj_1fj_1+/A)
- f j _ i / (Va “ 6 j )
■ (/A-ej))((/A+ej)/ (/A + e-j))
= (ejf j_i + /Af j.f) / (>TA-ej)
= (ej +/a )/fj , as required.
Finally, we note that:
where P. l/Qj_1 is the j-lth convergent of JX. This 
follows from observing that:
P§-Aq 2 = ag-A
= e^-A
= -f. ; and that, as before,
may write /A as:
/A = (XjPj+Pj-i)/(xjQj+Qj-i) •
Substituting =(ej+/A)/fj and simplifying, we have 
>rA(ejQj+fjQj_1-Pj)+AQj-ejPj-fjPj_1 = 0 .
Since J"a" is irrational, this implies that:
pj = ejQj + fjQj-!




- (-1) -jf j , for j >0 .
We are now ready to prove the other half of our 
assertion. Suppose that n is the period length of the 
continued fraction of TK and that:
Pm-1-*Qra-l - * 1 -
for some m, kn+1 < m <(k+l)n, and for some k * 0. It 
will suffice to show that xm+1 = xz = xj_ where 
z -  m (mod n) and z < n.
Since = (-l)mfm , we know that:
^m = '
and hence,
xm = (em*/A)/£m 
= ■
Thus,
[xm] = em+[/T] = em + a0 . 
Therefore, since
Xm = txm̂  + ^/xm+l •
we have









Since, as noted earlier, the xj's are cyclic with a 
period of n and since kn+1 < rn < (k + l)n, we see that 
there is a z such that 0 < z < n-1 and xm_i=xz* Thus, we 
have xz=x;[ which, since the X]_ value is the first 
repeating x-value, implies that the period of the 
continued fraction is z-1 < n. This contradicts the 
assumption that the period is n. Therefore, we have 
succeeded in proving that no solution of the Pell 
equation occurs outside those already discussed and, 
hence, have found all solutions.
The "English" Connection
It will now be shown that each pair of integers Pj,qj 
generated by the Forward English method is exactly the
pair Pj,Qj produced by the continued fraction method. To 
see this, an intimate relationship will be shown to exist 
between different recursive values obtained through both 
the English and the continued fraction methods. Indeed, 
it will be shown that, for all j > 0,:
6j = rj-l 
fj ■ ( - u jkj
P. = D Pi
Q j = qj
40
where ejrfj»Pj/Qj*aj are all familiar recursive relations 
defined by the continued fraction method and
rj-1 ,pj,qj,aj are all defined by the English method.
To begin, we define the zeroth step of each relation
and , from there, compute subsequent values using their 
recursive definitions. For the English method, we have:
p o  =
1
q o  = 0
r - l :-  0
k o  = 1
N o  = [ V A ]
(r o = [Ya ])
for initial values. Note that, since we will show that 
ej=rj_1, we define r_1=0 and we still have, correctly, 








pj+i = (Pjrj+Aqj)/ lkjI
= NjPj+Pj-i
q j+i = (P j +q j r j ) / lk jI 
= Nj^
kj+1 > (r§-A)/Kj
NjlkjI * r:+rj-i •




(Pi = a0) 
(Qx = 1)0
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e0 = o 
f 0 = 1 
ao = ['Ta ]
with the following relations:
pj + 1 = ajPj +Pj-i
Qj+i = ajQj+Qj-i 
fj + 1 = (A-ej + 1)/f j
ej+l ajfj_ej *
Before proceeding, we will observe that the Pj,Qj's 
of the continued fraction method satisfy an analogous 
relationship given among the p.,qj's of the English 
method. Specifically, we will show:
pj + l = (Pjej + i + AQj)/f j , and 
Qj+1 = (Pj+Qjej+i)/fj 
To see this is true, note:





pk = (pk-lek+AQk-l)/fk-l / and
Qk = (pk-l+Qk-lek)/fk-l • for a11 k < 3+1- 
Since it holds that:
Pj+1 = ajPj +Pj_i , we have: 
pj+l = ajPj*Pj-i(A-e?)',£j.1£j
= ajPj+ (<Pj-l+Qj-lej)A_ej (Pj-lej+AQj_i> )/fj fj-i
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- ajPj+(QjA + ejPj)/fj
(Qj-ejPj+Pj(ej + 1 + ej))/f j 
= (Pjej+i+AQjJ/fj
which is the desired result. A similar computation shows 
that Qj+1 = (Pj +Qjej + i)/fj•
We are now ready to prove our assertions. We see 
that:
e o = r -l = 0
f 0 = (-1)
IIo
o
p o = PO = i
Q o = Po = 0
a o = No = [/A]
Suppose that, for some j > 0:
e . 
3 = ^ - 1
f . 




3j = Nj '
then we see the following:




fj+1 = (A-ej + l ) j
= (A-r?)/(-i)jkj
= (-1)j+1(r?_A)/kj 
= ( - D j + lkj + l
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= (pjej+l+AQj)/fj 
= (P j r j+Aqj)/|kj|
= Pj + 1
(Pj +Qjej+1 )/|kj|
= (Pj +qjrj)/|kj |




as desired. Thus, we have shown that an intimate 
relationship holds between the English and the continued 
fraction methods.
The Generation of the Pellian Sequence
For any non-square A, the method of continued 
fractions yields all the infinitely many solutions to the 
Pell equation. Thus, the least positive solution, XAf is 
given by this method. The major advantage that this 
method has over the English method is that it gives us a 
rather simple algorithm for determining for any non­
square A.
Given A, non-square, the first step to arrive at Xft 
is to generate the continued fraction expansion of J~A. 






Xj+1 = 1/(xj-aj) 
aj + l = tx j +1^
However, since the xj's are becoming smaller at each step 
in the algorithm, one can easily outstrip the accuracy of 
a personal computer, even using double precision 
arithmetic.
An easier way to compute the a^•s was given by the 
recursive relations, e^ and fj. In fact, it was noted 
that:
Xj + 1 = (ej+i+^A)/f j + 1
aj+l = (xj+lJ •
Since the ej's and fj's are integers, the accuracy of the 
x j calculation is well within specified bounds, even for 
a personal computer.
After computing the continued fraction expansion of
/a , producing ts a simple matter since we know that 
the least non-trivial solution to Pell's eguation is found 
at:
Y = pn_! ; x = Qn_i , if n is even
Y = p2n-i ; x = Q2n-1 ' if n is odd
where n is the period of the continued fraction of /a .
Thus, XA = x which is easily obtained through the 
recursive definition of Q^.
Properties of the Pellian Sequence
In this final chapter, we discuss the properties of 
Pellian sequence. After staring at the sequence itself 
for a small period of time, it begins to show a great 
deal of symmetry and regularity. Conjectures are numerous 
and easy to make; but some are more difficult to prove 
than others. Here, we will offer our results in a 
logically progressive manner, more or less; then leave 
this chapter with any unproved conjectures to the curious 
reader. A word of warning is required for those who sit 
fascinated for hours staring at numbers, breaking secret 
codes, or still trying to solve the Rubic's cube - this 
sequence can be as habit forming and there seems to be no 
end to the number of conjectures one can make about it.
To begin, we define the Pellian sequence, Xft (A>0) by 
the rule:
XA = the least positive integer ,x, such that 
Ax 2+1 is itself a square. If no such number exists, then
is defined to be 0.
As was seen in the first chapter, is non-zero if 
and only if A is non-square. Also noted in the first 
chapter, X =1 if and only if A=n2~l, for some n > 1. From 
these types of results, it seems natural to ask where the 




"occurrences", we mean that n "occurs" at A in the 
Pel 1ian sequence if and only if XA = n. Looking at our 
table, we see that the sequence starts out as: 
0,2,1,0,4,2,3,1,0,6,3,2,180,..., and it does not seem 
obvious where any integer should occur. In fact, we are 
not guaranteed that any given integer n occurs in the 
sequence at all. This is subject of our first result.
All Integers Occur Infinitely Often
It will be shown that, for any given integer n 
(n > 0), the least positive integer x such that:
(j2n2 + 2jjx^ + l is a square,
is x = n, for all j>0. Thus, it will be shown that n 
occurs infinitely often in the Pellian sequence.
To see this, note first that:
(j2n2 + 2j)n2 + l = (jn2 + i)2 .
So, x=n at least produces a square, as required.
It suffices to show that x=n is the least integer such 
that a square is produced. So, suppose:
<j2n2+2j)t2+l = y2 , for some y.
Then, for the case of j2n2+2j, it holds that:
2jt2+l = y2- (jnt)2
> (j nt + 1)2_(j nt)2 
= 2j nt + 1
which implies t > n . Thus any integer ,t, producing a
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square must necessarily be greater than n, making n the 
least such integer. For the j2n2-2j case, it follows 
that:
2jt2-l = (jnt)2-y2
> (jnt)2“ (jnt-1)2 
= 2jnt-l
which implies again that t > n> Therefore, n occurs 
infinitely often in the Pellian sequence at A's of the 
form: ( j 2n2 + 2j).
It is interesting to note from the last result that n
has occurrences symmetrically placed about j2n2.
For instance, the number 6 occurs evenly spaced about:
1
2
2 *62 = 36 . ,X34
2 *62 = 144 (X140
6 = X 3 8 )
6 = X148)
and so on.
In general, however, this symmetric distribution does 
not account for all occurrences of a particular n. For 
example, 6 occurs at A = 10 (X1Q=6) which is not of the 
form previously discussed.
All Occurrences of Prime Powers Are Known
When n is a power of an odd prime p (n = pk , k > 0), 
however, this symmetric distribution does in fact account 
for each occurrence of n in the sequence. To see that 
j2p2k+2j gives the complete occurrence set of pk / it has
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already been observed that pk indeed occurs at all such 
values. It suffices to show that these are the only 
occurrences of pk . So, suppose that:
Ap2k+1 = y2 , for some y.
This implies that:
Ap2k = y2-l =(y+l)(y-1) .
Since p is an odd prime and gcd(y+1,y-l)<2, there are 
only two cases to consider: p2k divides either y+1 or 
y-1. First,suppose that p2k divides y+1. Then, 
y+1 = jp2k , for some j, and so
y-1 = jp2k-2 .
Thus,
Ap2k = jp2k(jp2k_2) 
which implies
A = j2p2k-2j .
The second case, p2k divides y-1, gives analogously:
A = j2p2k+2j .
Therefore, the complete record of occurrences of pk is 
given by:
j2P2kl2j , for all j > 0.
For example, 9 (= 32) occurs in the Pellian sequence 
only at A's egual to:
79 = 1*92-2*1 
83 = 1*92+2*1 




The case of powers of 2 appears to be slightly 
different from that of odd primes. However, it is still 
possible to characterize all the occurrences of 2k (k>0) . 
In fact, all occurrences of 2k are given by:
22k_2+l , and j(22k_2j+i) ,for j > 1.
To see this, note that:
(22k-2 + 1)22k + l = (22k-1 + l)2 , and
j (22k_2j + i)22k + l = (22k-1j + i)2 
are indeed squares. To show that these are occurrences of 
2k , it must be shown that:
(22k_2+l)m2+l , and 
j (22k_2j + D  m2 + l
are not squares for any m, 1 < m < 2 •
For (22k—2 +1)m2 + l, it suffices to show that it falls in 
between two consecutive square numbers; and, hence, 
cannot be a square itself. Thus, it follows that 
(2k-1m)2 < (22k-2 +1)m2 +1 < (2k_1m + l)2
since 22k-2m2 < 22k-2m2+m2+l and
22k-2m2+m2+l < 22k-2m2+2km+l (m < 2k , by hypothesis). 
Similar computations show that :
(2k_1jm-1)2 < j(22k~2j-1)m2+l < (2k-1jm)2 ,
and that:
(2k_1jm)2 < j(22k_2j+l)m2+l < (2k-1jm+l)2 , 
provided that m and j do not equal 1. Thus, it has been 
shown that 22k_2 + l, and j(22k_2j+l) (j >1) are indeed
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occurrences of 2k .
To see that these are the only occurrences of 2k , 
suppose that:
A22k+1 = y2 r for some y.
It suffices to show that:
A = 22k-2+l or j(22k_2+i) ,(j>l).
Thus,
A22k = y2-l = (y + 1) (y-1)
Since A22k is even, then both y+1 and y-1 are even. 
Therefore,
A22k-2 = ((y + 1)12) ((y-1)12) .
Since (y+l)/2 - (y-l)/2 = 1, it must be either (y+1)/2 or 
(y—1)/2 is odd. So, there are two cases to consider. 
First, suppose that (y+1)/2 is odd, then:
(y—1)/2 = j22k_2 , for some j > 0.
Thus,
(y + 1)/2 = j 22k-2 + l , 
which implies
A22k-2 = j22k-2(j22k-2+i) ,
or equivalently
A = j (j22k_2 + l) , for j > 0 .
The other case yields:
A = j (j22k_2-l) , for j > 0.
Now, for the case j=l, we are given the known occurrence, 
22k-2 +1 and the value 22k-2-l. However, since 22k_2-l is 
one less than the value of a square, it must be an
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occurrence of the integer 1 in the sequence. Therefore, 
we have shown that 22k-2+l and j(j22k_2 + i) (j>l) are the 
only occurrences of 2k in the Pellian sequence.
For example, we may list the entire occurrence set of 
A's for 8 (= 22) as follows:
17 = 24+l
62 = 2(2 * 2 4 — 1)66 = 2 ( 2* 24 + 1 )
141 = 3 (3*24-l)
147 = 3 (3*24 + 1) ^
and so on.
The last case we will consider before generalizing 
for any given integer is that of 2pk where p is any odd 
prime. For 2pk , the complete occurrence set is given by: 
p2k+l , and j(jp2kil) , for j > 1 .
To see this, we see that:
(p2k+l)(2pk)2 + 1 = 4p4k + 4p2k + 1
= (2p2k + l)2 /
and
j (jp2kn> (2Pk)2 + i = 4j2p4k i 4jP2k + i
= (2j p2k + l)2
indeed scjuaires. To convince ouirselves that these aire 
occurrences of 2pk , it is easy to see that:
(pkm)2 < (p2k+l)m2+l < (pkm+1)2 ,
(jpkm-l)2 < j (jp2k-l)m2 + l < (jpkm)2 , and 
(jpkm)2 < j (jp2k + l)m2 + l < (jpkm + l)2 ,
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for all 1 < m < 2p^ • Thus, no smaller integer m can 
make these A's a square. Finally, to see that these are 
all the occurrences of 2pk , we see that if:
A(2pk) + 1 = y2 , for some y
then
Ap2k = (y+1/2)(y-1/2)
where gcd( (y+1/2),(y-1/2) ) = 1. Thus, either p2k 
divides y+1/2 or y-1/2. It is not difficult to see, as 
before, that these two cases yield:
A = p2k +1 and j(jp2k + i) , for j > 1.
For example, we may write down all the occurrences of 
18 (= 2*32) as:
82 = 34+l 
322 = 2 (2 *34-l)
326 = 2 (2 *34 +1)
726 = 3 (3 *34-l)
732 = 3 (3 *34 + l) 
and so on.
A Method for Yielding All Occurrences of Any Integer
Having complete occurrence sets for all primes and 
their powers, it would now be natural to ask here if 
there were a way in which we could characterize the set 
of occurrences for any given integer n. While we do not 
have a general formula for the occurrence set of any
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given integer, we do offer a method which will enable the 
reader to generate a list of A's which will contain all 
the occurrences of n; but may also include some A's at 
which, although An^+i yields a square, has its X lessH
than n. It has been our experience that only the first 
one or two such A's in the list are satisfied by less 
than n while all the remaining A's are indeed occurrences 
of n .
We shall outline the method of finding occurrences 
first on integers that have their prime decomposition in 
odd primes, then extend this method to when the integer 
is divisible by powers of 2. So, suppose n has a prime 
decomposition as follows: 
n = p ^ p l 2. . .p^k
where P1,P2 ,...,Pk are distinct odd primes and 
el,e2,...,ek are positive integers. Further, suppose that 
we want to find A's such that:
An2+1 = y2
for some y. Then, we must have that:
A(pf1pf2...PJk)2+i = y2 .
Thus,
a (p^pl2.. .p^k) 2 = y2-i
= (y+1)(y-1) .
Since gcd(y+l,y-l) < 2, we must have that pj-1 divides 
either y+1 or y-1, for each prime Pj. This yields the 
following pairs of equations to solve:
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y+1 = M(pxlpx2_#>pxkj  ̂ f0r some m and N 
y-1 = N(p|2*el-xl)p^2*e2-x2) _. ,P](2*ek-xk),
where xj is equal to 0 or 2ej, for all j > 0. If we let: 
P2 = p ^ p * 2. . .p*k
02 = D (2*el-xl)(2*e2-x2) n (2*ek-xk) v p 2 •••Pk
then these 2k pairs of equations are equivalent to 
solving the following problem: 
y = -1 (mod P2) 
y = 1 (mod Q2)
where n = PQ, gcd(P,Q) = 1, and P,Q are both odd.
By the Chinese Remainder theorem, we are guaranteed that 
the positive solutions to the system are given by: 
y0 + jn2
2
where yQ is the smallest positive solution (mod n ) to 
the system of equations and j > o .  Thus, we would let
A = ( (yo+in2)2 " 1) / h2
be a member of our list A's generated that will become 
potential candidates where XA = n.
It is easy to show that
An2 + 1 = ( (yQ +jn2) 2- D / n 2) n2 + 1 
= (Y0+jn2)2
is a square, as would be required if A were to be an 
occurrence of n. It is also clear that n can have no 
occurrences outside of this list of A s. It would be nice 
to show that, for each A generated this way, = n> 
However, for some n, the list of A's generated includes
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some A's that are not occurrences of n. For example,
consider n = 3 5 . Then, we have the following systems of
equations to solve:
(1) •< i n 1 (mod 3 5 2 )
y  i -1 (mod 1)
( 2) 1 II 1 (mod 1)
y  i -1 (mod 3 52 )
(3) y  : 1 (mod 7 2)
y  = -1 (mod 5 2 )
(4) i M 1 (mod 5 2 )
y  = -1 (mod 72)
The solution to the first two systems of equations
yields familiar forms of A's. For system (1), the first 
equation gives:
y = 3 52j + 1 , for j > 0
which certainly satisfies the second equation since any 
number is congruent to -1 (or 1, for that matter) mod 1. 
So, we have
A*352 = ( y - D  ( y  + D
= 352 j ( 352 j + 2) .
Thus,
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A = j (352j + 2) .









From the first result in this chapter, we recognize that 
these A's are all occurrences of n. In fact, we showed 
that n occurs at:
It is easily seen that the second system of eguations 
yields A's of the form:
A = j (352j - 2) .
The A's generated by system (2) are:
ans so on.
So far, we have generated only occurrences of n, which 
gives us hope that this method yields all the ( and only 
the) occurrences of n. However, in solving the third 
system of eguations, we see that:








gives the smallest solution to the system (mod 35 ), 
which yields A's of the form:
A = ( ( 99 + j352) 2 - 1) / 352 , for j > 0 .
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and so on. For this list of A's, we see that each is an 
occurrence of 35, except 8. In fact, since 8 is one less 
than a square we know that Xg =
The solution of the fourth system of equations can be 
seen to yield A's of the form:
A = ( (1126 + j352)2 - 1) / 352 , for j > 0 .





and so on. It is seen that these are all occurrences of 
35.
This method is guaranteed to yield all occurrences of 
n; however, our list of A's may include some A s such
that XA is less than n. This was the case in our example 
for n = 35. A = 8 was included in the set of generated 
potential occurrences of 35. However, 8 is an occurrence 
of 1. This was our experience for other n's which we 
tried to solve in general. It seems that if an A crept 
into the list which was not an occurrence of n, it came 
about because of the solution of a system of equations
for j 0 or 1.
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For the case where the number n is divisible by a 
power of 2, We see that since:
An2 = (y+1)(y-1)
we must have that both y+1 and y-1 are divisible by 2.
So, if the prime decompostion of n is: 
n = 2e-*-p|2 . . .p®^
where again Pl7...,pk are odd primes, then we see that: 
A(22*e2-2p2*e2> _ p2*ek} „ (y+l/2) (y-1/2 )
where gcd( (y+1/2),(y-1/2) ) = 1. Thus, as before, we 
have 2 and p?*e3 dividing one of y+1/2 or y-1/2. This 
gives us our system of equation pairs which can be solved 
using the Chinese Remainder theorem.
Continued Fraction Regularities Give Occurrence Sets
While certainty of generating a complete occurrence
set in general for any given integer seems in jeopardy
(or at least not immediately obvious), we do offer hope
and proof that we generate a complete occurrence set for
35 (with the obvious exception at A=8 noted) with a
tantalizing observation. Looking at the continued
fraction expansions associated with the A's generated by




1227 [ 35,35,70 ]
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4904 [ 70,35,140 ]
11031 [ 105,35,210 ]
System (2)
A CFE
1223 [ 34,1,33.1.68 1
4896 [ 69,1,33,1,138 1








1035 r 32,5,1,5,64 ]
4512 [ 67,5,1,5,134 ]
10439 [ 102,5,1,5,204 ]
It is seen that all the numbers generated by a given 
system share middle terms in their associated continued 
fraction expansion. This observation should not be too 
particularly surprising since it is clear that if any 
number A has for its continued fraction expansion any 
one of the forms:
[ a ,35,2a ] r
[ b,1,33,1,2b ]
[ c,1,4,1,4,1,2c ] , or
[ d,5,1,5,2d ] , for any integers a,b,c,d
then A is an occurrence of 35. To see this, suppose:
/A = [ a,35,2a ]
then, since its period of expansion is 1, the method of 
continued fraction tells us that is given by:
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XA = Qi = 35 .
Similarly, if:




a3 <a2Ql + Qo^ + Ql 
a3(a2ai + 1) + ai
= 1(33*1 + 1) + 1 = 35 .
Similar computations show that the other two cases yield 
XA = 35.
Since all of these A's of these given continued 
fraction expansions are indeed occurrences of 35 and 
since our four systems of equations do indeed yield all 
numbers such that at which A*352+l is a square, it 
suffices to show that all the A's generated by a 
particular system have as its continued fraction 
expansion one of the forms which yield an occurrence of 
n. Then, we would indeed have given the complete 
occurrence set for 35 ( with the exception of A = 8 
noted).
So, suppose an integer A was generated by system (1)
as:
A = j (j 3 52 + 2) , for some j > 0 .




= / j (j 352 + 2)
a0 = [/j (j352 + 2>]
= 35 j
X1 = 11 (x0_a0)
= 1/ ( (\/j~( j 352 + 2 ) ) - 35 j )
= ( (v/j (j 352 + 2 ) ) + 35 j ) / (352 j2 + 2 j - 352 j2 )
= ((/j (j352 + 2)) + 35j)/2j
al = [( (/j(j352 + 2) ) + 35 j ) / 2 j ]
= [( [/j (j 352 + 2 ) ] + 35 j ) /2 j ]
= [ ( 35j +35j)/2 j]
= 35
x2 = 1/ (x^ai)
= 1/ ( ( (/j ( j352 + 2) +35 j ) /2 j ) - 35)
= 2 j / (/j (j 352 + 2') - 35 j )
= 2j (/j (j352 + 2)+35j)/ ( j (j352 + 2)-352j2)
= /j (j352 + 2) + 35 j 
a2 = [/j(j352+2> + 35j]
= 70j = 2aQ.
So, indeed Ja = [ 35j ,35,70j ], as required. The reader 
can verify for himself that A's generated by the other 
systems yield continued fraction expansions of the 
required form. Thus, we have explicitly given the 
complete occurrence set for 35.
The example of 35 gives us hope that we can 
extend this argument to any given integer n. For this
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extension to work, we would need to show that the A's 
generated by every system of equations has a special 
associated continued fraction expansion that guarantees 
that A is an occurrence of n. In other words, if the 
solution for a system of equations yields A's of the 
form:
A = ( (jn2 + yQ)2 -1)/n2
where y^ is the smallest positive solution mod n » then 
we would desire that:
/A = [a0;a1,a2,..•,an_1,2*a0] 
forces = n. However, for some n and j , we see that 
this is not always the case as was witnessed by n = 35 
and j = 0 in the solution of one of its systems of 
equations. It is our belief, though, that a general 
result can be obtained for any given n and sufficently 
large j.
A Test for Primeness
A very interesting application arises as a result of 
our earlier observations. Namely, we can "almost" decide 
whether a given number is prime or a power of a prime 
merely by knowing where it occurs first in the Pellian 
sequence. We know from an earlier result that if n is a 
prime or a power then its complete occurrence set is 
given by:
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j (jn2 + 2) , for j > 0 .
Thus its first occurrence is given by: 
n2 - 2 .
Therefore, if an integer n happens to occur at an 
earlier spot in the sequence we are guaranteed that n is 
not prime or a power of one. For example, from looking at 
the sequence, we see that n = 180 is not prime since its 
first occurrence in the sequence is at A = 13, which is 
much less than 32398 (= 1802-2). The fact that 180 is not 
a prime should not have surprised anyone. However, it is 
much less obvious that 650783 is neither a prime nor a 
power of one. But, we are guaranteed of this since 650783 
occurs first at A = 191, which must be less than 
(650783)2-2 !
The converse would have us believe that if a given 
number n were a composite with more than one distinct 
prime factor then the first occurrence of n in the 
Pellian sequence would be less than n2-2. This assertion 
can be recognized as our method for yielding occurrences 
of any general integer n. For if it were true that n were 
a composite with more than one distinct prime factor, 
then we could write n = PQ for gcd(P,Q) = 1 and solve 
general systems of equations which would yield some A's 
of the form:
A = (yQ +jn2)2-l/n2 , where j > 0 and yQ < n2"1 -
For j 0, we see that:
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(y02-l)/n2 < (n2-l)2-l/n2 = (n4-2n2)/n2 
= n -2 , as required.
The only criticism with this approach is that this 
method has not been shown to work in general and that, 
for some j = 0, the A generated may not be an occurrence 
of n at all! In fact, even knowing that the method works 
for specific numbers having regular continued fraction 
forms helps little since solving for a specific number 
requires that one knows the prime decomposition up front. 
Aside from these difficulties, the assertion holds and we 
have completely characterized primes and powers of primes 
in terms of their first occurrences in the Pellian 
sequence. There is hope, though, that this method for 
arbitrary numbers with be shown to hold in general, and 
that this assertion of primes and power of primes will be 
strengthened. In fact, it may be that knowing a given 
number's occurrence set in the sequence will be enough to 
deduce its prime decompostion.
R e g u l a r i t y  B e t w e e n  S q u a r e s
We n o w  c o n s i d e r  a d i f f e r e n t  k i n d  of r e s u l t  t h a n  we 
ha d  b e e n  c o n s i d e r i n g  in the past. I n s t e a d  of d e t e r m i n i n g  
the c o m p l e t e  o c c u r r e n c e  s e t  of a p a r t i c u l a r  n u m b e r  in the 
P e l l i a n  s e q u e n c e ,  we s h all l o o k  a t  the s e q u e n c e  i t s e l f  





Specifically, we will see that occurrences of certain 
types of numbers between square numbers in the sequence 
are interrelated. Consider a certain portion of the 
sequence between 112-1 and 132:
A XA A XA
120 1 145 24
121 0 146 12
13 2 2 147 8
136 3 148 6
138 4 150 4
140 6 152 3
141 8 156 2
142 12 168 1
143 1 169 0
144 0
We see that the numbers:
1,2,3,4,6,8,12,24
appear in almost a palindromic fashion. Further, we see 
that these numbers are all the divisors of 24. Looking at 
the occurrences of 2, we see that X.^2 - 2 - X ^ g  which 
both have a displacment of 12 away from 144 = 122. Note 
that 2*12 = 24. This is more than coincidental. In fact, 
we can in general claim that if:
A = n2+j and j divides 2n ( 1 < j £ 2n )
then
XA = 2n/j .
F u r t h e r ,  if
A = n2-j and j divides 2n ( 1 < j < 2n)
then
XA = 2n/j .
To see these claims, we note that
■
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(n2lj)(2n/j)2 + 1 = 4n4/j2 + 4n2/j + 1
= (2n2/j + i)2
are indeed squares. For the plus case, it suffices to 
show that if:
(n2 + j)t2 + 1 = y2 , for some y,
then
t > 2n/j .
Now, we have
(n2+j)t2 + 1 = (nt)2 + jt2 + 1
= y2 .
Thus,
jt2 + 1 = y2 - (nt)2
> (n t + 1 )2 “ ( n t ) 2 
= 2n t  + 1 .
Therefore,
t > 2n/j .
Thus, we have shown that n2+j is indeed an occurrence of 
2n/j when j divides 2n ( 1 < j £ 2n ) .
For the minus case, we have
(n2-j)t2 + 1 = (nt)2 - jt2 + 1
= y2 •
Thus,
-jt2 + 1 = y2 - (nt)2
< (nt-1)2 " (nt)2 , provided j > 1




Thus, we have shown that n2-j is another occurrence of 
2n/j when j divides 2n and 1 < j < 2n . We now have a 
result that is rather powerful and implies a great deal 
of regularity between consecutive squares in the Pellian 
sequence.
An alternative approach to showing this assertion 
lies with observing the continued fraction expansion of 
n2j+j , where j divides 2n and j < 2n . We begin by 
computing the continued fraction in the usual way: 
xQ = \/n2 +j
a 0 = [>/n2 + j J
= n
xx = 1/((/n2+j) - n)
= (/n2 +j + n) / j 
a1 = [ (/n2 +j + n)/j]
= [ ( [f i2 +j 1 + n) / j ]
= 2n/j
x2 = 1/ ( ((/n2 + j) + n)/j - 2n/3)
= j/ (/n2 + j - n)
= /n2 + j + n 
a2 = [/n2+j + n]
= [/n2 + j ] + n 
= 2n
x3 = 1/ (/n2 +D ~ n)
Thus, for n2+j, we have that:
/n2+j = [n,2n/j,2n] .
It is easy to see that any number with this continued 
fraction expansion has:
XA = Ql = 2n/j .
Therefore, we have shown again that n^+j with j dividing 
2n is an occurrence of 2n/j. In a like fashion, it is 
possible to show that the continued fraction expansions 
of n2-j where j divides 2n and 1 < j £ 2n are of the 
forms:
J n2-j = [n-1,1, (2n/j)—2,1,2 (n—1)] , if 1 < j < n
or
n2-j = [n-1,2,2(n-1)] , if j = n.
It is not difficult for the reader to convince himself 
that for A = n^-j:
XA = 2n/j , if 1 < j < n
and
XA = 2 = 2n/j , if j = n.
For the case of j = 2n, we have that A = n2-2n is one 
less than a square and that = i = 2n/2n.
C u r i o u s i t i e s  a n d  C o n j e c t u r e s
We leave this chapter with a few curious observations 
for the reader to ponder, if he is so inclined. First, 
while generating numbers in the Pellian sequence, we
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found some that were surprisingly long. We found two 
Pellian numbers of digit length 276 at A = 17341 and 






The search for the longest Pellian number above
naturally leads to a listing of the successively longer 
Pellian numbers, as listed below, which produces some
surprising observations.

































X8 1 3 4 0  
X56 5 4 0  
x78  700
The immediate observation to make about these 
successively longer Pellian numbers is that they all end 
with 00,20,40,60 ,or 80. Why numbers with these particular 
endings should be preferred in being the next longer 
Pellian number is a mystery to the author ! A more subtle 
observation to make is that the A's which produce these 
successively longer Pellian numbers are all prime numbers 
1 mod 4 ! Surely, there is a general result in here 
somewhere !
For our last observation, it seemed to us that the 
even numbers were predominately favored by the sequence. 
After totalling the number of even numbers in the 
sequence, we found that there were 15436 even number out 
of the first 20835 numbers in the Pellian sequence with a 
ratio of .7408... . After inspecting the sequence itself, 
it seems that if A is an even number then, almost always,
X A is even; w h i l e  if A is odd, t h e n  A is e v e n  a b o u t  h a l f  
the time. Ag a i n ,  w e  o f f e r  no e x p l a n a t i o n  fo r  this
p e c u l i a r  b e h a v i o r .
In closing, we have seen that this apparently 
nonsensical sequence does succumb to analysis and give up 
her secrets. In fact, as we have seen, occurrence sets 
for certain classes of infinite numbers can be known 
without specifically solving Pell's equation. We know
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much about this sequence; but there is much to learn! It 
is our sincere hope that, after reading this thesis, you 
have come to believe as we do that the sequence of 
Pellian numbers exhibits a great deal of regularity and 
mystery at the same time. We hope also that you agree 
that study of this sequence is, if not important, then at
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